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Abstract 

a 

We discuss the quantization of a system of slowly-moving extreme Reissner- 
Nordstrom black holes. In the near-horizon limit, this system has been shown 
to possess an SL(2, R.) conformal symmetry. However, the Hamiltonian appears 
fvq | to have no well-defined ground state. This problem can be circumvented by a 

redefinition of the Hamiltonian due to de Alfaro, Fubini and Furlan (DFF). We 
apply the Faddeev-Popov quantization procedure to show that the Hamiltonian 
with no ground state corresponds to a gauge in which there is an obstruction 
at the singularities of moduli space requiring a modification of the quantization 
rules. The redefinition of the Hamiltonian a la DFF corresponds to a different 
choice of gauge. The latter is a good gauge leading to standard quantization 
rules. Thus, the DFF trick is a consequence of a standard gauge-fixing procedure 

JL in the case of black hole scattering. 
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I. INTRODUCTION 

The study of moduli space of a system of maximally charged black holes has recently at- 
tracted a lot of attention [|l|] . It was first discussed by Ferrell and Eardley in four spacetime 
dimensions. It was subsequently extended to five dimensions [p]]. In the near-horizon limit, 
an SL(2, R) conformal symmetry was discovered that generalized the case of two black holes. 
Consequently, the general system inherited the pathologies of the system of two black holes: 
the Hamiltonian possessed no well-defined vacuum state. 

This problem was studied a long time ago by de Alfaro, Fubini and Furlan (DFF) |J. The 
simplest quantum mechanical system with conformal symmetry is described by the Hamiltonian 

H = P - + ^- 2 (1) 

2 2x 2 K J 

This Hamiltonian represents a single-particle rational Calogero-Moser system, which is equiv- 
alent to a free particle system M. It possesses a continuous spectrum down to zero energy 
and there is no well-defined ground state. DFF suggested a solution to this problem. They 
proposed the redefinition of the Hamiltonian by the addition of a harmonic oscillator potential 
which is also the generator of special conformal transformations, 

The new Hamiltonian is defined by 

H' = -(H + uj 2 K) (3) 

where we introduced a scale parameter u (infrared cutoff). H' has a well-defined vacuum and 
a discrete spectrum, which can actually be computed exactly, 



E n = In + 1 + yjg + 1/4 (4) 

Notice that the spectrum is independent of the arbitrary scale parameter u. The supersym- 
metric case can be dealt with in the same way. 

In the case of two slowly- moving maximally-charged black holes, 0-0. the near- horizon 
geometry is AdS2 x S n . The isometries of the AdS% space are conformal symmetries. As a 
result, the moduli (spatial distance between the two black holes) has dynamics governed by 
(super)conformal non-relativistic quantum mechanics of the form discussed above. The DFF 
redefinition of the Hamiltonian has a nice interpretation in this case as a redefinition of the time 
coordinate. The DFF Hamiltonian corresponds to a globally defined time coordinate whereas 
the conformally invariant definition does not. Thus, the DFF trick appears plausible on physical 
grounds. 

The multiple black hole moduli space possesses similar properties 0. There is a conformal 
SL(2, R) symmetry and the quantization of the system leads to a Hamiltonian with no well- 
defined ground state. The DFF trick of replacing the Hamiltonian H by H + K, where K is 

1 



the generator of special conformal transformations, is applicable in this general case. However, 
it lacks an obvious physical interpretation in terms of a redefinition of the time coordinate. 

In ref. [[HI], we presented an alternative derivation of the DFF procedure in the case of 
a particle moving in the background of an extreme Reissner-Nordstrom black hole. This is 
equivalent to a system of two black holes. We showed that the redefinition of the Hamiltonian 
amounted to a different choice of gauge. In the conformally invariant case, we identified an 
obstruction to the standard gauge-fixing procedure that led to a modification of the usual 
quantization rules. This obstruction came from the boundary of spacetime and was rooted in 
the fact that the time coordinate was not defined at the boundary. On the other hand, there 
was no obstruction in the choice of gauge leading to the DFF Hamiltonian. We concluded that 
the DFF Hamiltonian corresponded to a good gauge choice, whereas the conformally invariant 
Hamiltonian did not. Our discussion was based on the standard Faddeev- Popov quantization 
procedure and was therefore applicable to more general systems, as long as the system had an 
underlying gauge invar iance. 

Here, we extend the procedure discussed in [[Hj to the case of multiple black hole scatter- 



ing M. We show how the gauge can be fixed systematically without encountering obstructions 
from the singularities of moduli space. The resultant Hamiltonian is modified by the addition of 
the potential prescribed by the DFF trick. Thus, we show that the DFF trick is a consequence 
of a standard gauge-fixing procedure in the case of multiple black hole scattering. 

Our discussion is organized as follows. In Section |H|, we a Pply the Faddeev-Popov proce- 
dure to a particle moving in a fixed background of curved spacetime as well as an external 
electromagnetic field. We also show how the procedure is equivalent to the commutation rules 
one obtains from Dirac brackets. We discuss a subtlety that arises when spacetime possesses 



boundaries. In Section |HI| , we specialize to the case of an extreme Reissner-Nordstrom black 
hole in five spacetime dimensions. We show that the DFF trick is equivalent to a choice of 
gauge. In Section ^, we discuss multiple black hole scattering and show how the system of 
black holes can be quantized leading to a modification of the Hamiltonian a la DFF. In Sec- 
tion 0, we discuss the case of four spacetime dimensions. Finally, in Section [Vl|, we summarize 
our conclusions. 



II. CHARGED PARTICLE IN CURVED SPACETIME 

In this Section, we discuss the quantization of a charged particle moving in a fixed spacetime 
background and electromagnetic field. We introduce the path integral in curved spacetime and 
apply the Faddeev-Popov procedure to fix the gauge. We also show that this is equivalent to the 
canonical quantization through commutation relations coming from Dirac brackets. We discuss 
a subtlety that arises in the quantization procedure when spacetime has boundaries. This is 



a review of ref. |10| . Consider a particle of mass m and charge q moving along a trajectory 
described by coordinates x M (r) (// = 0, 1, . . . , D — 1) where r is the proper time of the particle. 
The action is 

S = dr L , L = —x^x^ - \rjm 2 + qx^A^ (5) 



where we raise and lower indices with the background metric g^. A^ is the background elec- 
tromagnetic vector potential. Varying rj, we obtain the constraint 

rf = —x^x^/m 2 (6) 

The conjugate momenta are 

dL 1 
P^g-^-x, + qA, , P v = (7) 

The Hamiltonian is 

H = x^P^ -L = mrix , X = ^~ n ^ + \ m > ^ = P m ~ iK ( 8 ) 

In the canonical formalism, the action reads 



'• 



S = f dr (x^P^ - mrix) (9) 



Therefore, rj is a Lagrange multiplier enforcing the constraint 



1 
1m 



X = —Ti^ + \m = Q (10) 



which is the mass-shell condition in the presence of an external vector potential. 

The orbits of the gauge transformations (r reparametrizations) are the trajectories of the 
equations of motion (Lorentz force law in curved spacetime) 

3? = -^ , 7 r M + -r^ 7 rV = -7r%, , F, u = d,A u - d u A, (11) 

m m m 

where T u \^ are the Christoffel symbols, 

T^ = \{d\9tiu - dyQXf, + df,g uX ) (12) 

or purely in terms of the coordinates x M , 

a" + T^tfx* = — x v F» v (13) 

m 

To quantize the system, consider the path integral, 

Z = M fvxVPVr] e iS = N I VxVP 5{ X ) e l f dT± " p » (14) 

To define it, we need to fix the gauge by imposing the gauge-fixing condition 

/i(x") = r (15) 



which defines a hyper-surface that cuts each orbit precisely once. Physically, this amounts to 
choosing h(x^) as the time coordinate. Then its conjugate momentum, 7i, is the Hamiltonian 
of the reduced system. Following the standard Faddeev-Popov procedure, we insert 

1 = deb{h, X } J Ve S(h - {h, X }e - r) (16) 

where { , } denotes Poisson brackets, into the path integral and perform a reparametrization 
to obtain 

Z = M JVxVP det{h, X } 5{h - t) 5(x) e l f dT± " P » (17) 

We may integrate over the 5-i unctions to reduce the dimension of phase space. The reduced 
system will be described by coordinates x 1 and conjugate momenta Pj. The Faddeev-Popov 
determinant is canceled by the integration over S(x). The momentum conjugate to h (which 
is identified with time) plays the role of the Hamiltonian 7i of the reduced system. The path 
integral becomes 

Z = M lvxDPe^ dT ^ T ^ H) (18) 

Equivalently, we may quantize the system in the operator formalism. To this end, we need to 
calculate Dirac brackets, 

{A, B} D = {A, B} -{A, X i}{Xi, Xj^iXj, B} (19) 

where i, j = 1, 2, xi — Xi Xi — h, and promote them to commutators. 

As an example, consider the special case h(x fl ) = x° (i.e., identify x° with time), and set 
q = 0. The reduced system is described by the coordinates x 1 = x l and the Hamiltonian is 



H = -P = ^JPiP* + m 2 (20) 

The commutation relations we obtain from the Dirac brackets are 

[P, ,«*"] = -tf/ , [H,x i ] = -t^ (21) 



which are appropriate for H given by (|20|). 

Having set up the quantization procedure, we now wish to discuss a subtlety which arises 
when the spacetime possesses boundaries [pl| . Let us follow the Faddeev-Popov gauge-fixing 



procedure a little more carefully. We need to insert ([Tq ) into the path integral and then perform 
an inverse gauge transformation to eliminate the gauge parameter. In doing so, we encounter 
an obstruction at the boundary of spacetime. Under a gauge transformation, the change in the 
action is 

5S= f dr^- (dx^P^) - fdrex (22) 



Since x — {x > x} — 0, we conclude that the action changes by a total derivative, 

d 



We have 



SS= J dr — (SxTJ (23) 



5x» = {x\ X }e=^e (24) 



therefore, 



S8=p *wk< 



(25) 



Notice that, if the generator of gauge transformations, Xi is quadratic in the momenta (as in the 
neutral particle case), then the boundary contribution vanishes after imposing the constraint 
X = 0. In general, x (Eq. (|10D) is not quadratic in the momenta, due to the presence of the 
vector potential. Therefore SS ^ and we cannot in general get rid of the gauge parameter on 
the boundary of spacetime. Thus, we obtain a boundary contribution to the path integral, 



J q ded D xd D P {h, X }S(h- r)S(x) exp |^^4 



(26) 



This obstruction is absent when at the boundary, 

{h, X }\ d = (27) 

Physically, this condition implies that the boundary of spacetime is invariant under transforma- 
tions generated by h, which is the time coordinate after gauge-fixing (h = r). In other words, 
the boundary is fixed under time translations. Thus the time coordinate h is not a good global 
coordinate and leads to an obstruction in the gauge invariance of the theory. Integrating over 
the gauge parameter, we obtain an additional constraint at the boundary, 



p dx_ 

"dP a 



(28) 



This alters the standard commutation relations and the eigenvalue problem for the Hamiltonian. 
We have not carried out an explicit computation. This would involve the introduction of a 
regulator which would break gauge invariance. Nevertheless, the resulting system should be 
equivalent to the one obtained through other choices of gauge due to the gauge invariance of 
the theory. 

To summarize, the identification of the time coordinate ( |T5p in general leads to an obstruc- 
tion in the gauge-fixing procedure for the path integral. If this obstruction is accounted for by 
an appropriate modification of the commutation relations, this choice of the time coordinate 
leads to a well- defined Hamiltonian problem. 



III. EXTREME REISSNER-NORDSTROM BLACK HOLE 

We are now ready to discuss the quantization of a particle moving near an extreme Reissner- 
Nordstrom black hole @-Q. In this Section, we will discuss five spacetime dimensions. The 
results in the four- dimensional case are similar and will be taken up in Section [V[ 

Consider a maximally charged black hole sitting at the origin of spacetime. We shall work 
with units in which Newton's constant G = 1. Then 



M = Q 



(29) 



for this black hole. The particle moving near the black hole will also be taken as maximally 
charged, so 



m = q 



(30) 



The black hole creates a metric 



and a vector potential 



ds 2 = Trdt 2 + ipdx 2 

ip 2 



A = - 



M 
1> = ' f "ST 



r, 



A = 



(31) 



(32) 



where the vectors live in a four-dimensional Euclidean space. Near the horizon, ip = M/x 2 . 
Using polar coordinates and switching variables to ip, we obtain 



Defining 



ds 2 = ~ Ut 2 - ¥- diJ 2 ) + Mdn 



(33) 



x ± = t± 



^ 



(34) 



the metric becomes 



and 



1 

W 1 



ds 2 = ~ dx + dx~ + Mdnj 



(35) 



j, 



x + — x 



M 



(36) 



The vector potential has non-vanishing components 



A + = A_ = — 



(37) 



Thus, spacetime factorizes into a product AdS2 x S 3 . Henceforth, we shall work with AdS^- 
The only non- vanishing connection coefficients are T^ ± = d± In |<7+_|. Therefore, the geodesic 
equations for x ± are (setting m = q (Eq. (|13|))) 

x ± ±(\n\g + _\)'(x ± ) 2 = ±x ± F + - (38) 

where A = A + = A_, and (In \ g+ _\)' = 8+ In \g+_\ = -d. In \g+_\. Using if, % = -A, $ ^ = 
— 2(yf + _, P + „ = 29+ A, it is straightforward to show that the following quantities are gauge- 
invariant (constant along geodesies) 

H = -P+ - P_ , D = 2x + P + + 2x~P_ , K = -(x+) 2 P+ - (x~) 2 P_ + |mM^ (39) 

They obey an SL{2, R) algebra 

{H , D} = -2H , {#, lf} = -.D , {K,D}=2K (40) 

reflecting the symmetry of the AdS2 spacetime. H, D, and K generate time translations, 
dilatations, and special conformal transformations, respectively. The brackets may be Poisson 
or Dirac, so this is also an algebra of the gauge-fixed system, as expected. The constraint 
(generator of gauge transformations) x — im 71 "^ 71 "^ + l m = ® rea ds 

L 2 
2m X = -^ 2 P+P- + \rml)(P + + P_) + — = (41) 

where L 2 = g^PiPj is the square of the angular momentum operator. The simplest gauge-fixing 
condition to impose is 

h{x + ,x~) = \(x + + x~) =r (42) 

In this case, the Hamiltonian is 

H = -P + - P_ (43) 

Using the constraint ([H]), we obtain 

1 
1> 



H = - (-m + Jm 2 + 4(^ 2 P| + L 2 )/M) (44) 



The other two operators in the SL(2, R) algebra can be written as 

D = -2tH + 2ipP f , K = \r 2 H - \tD + \M^ 2 H + \mM^) (45) 

In the non-relativistic limit and for large ip (near the horizon), 

2ibP 2 
H= ^M ' D = 2 ^ P ^ ' K = \ mM ^ ( 46 ) 



where we also used the fact that these are conserved quantities to set r = 0. Switching back to 
x, we may write these operators in terms of the coordinate x and its conjugate momentum P 

as 

r 4 P 2 -> mM 2 

h -^p • D -* p > K -% < 47 > 

In terms of a variable u, defined by 

u 2 
ifj = — (48) 

V M y ' 



we obtain a simple representation, 



P 2 
H = — , D = uP , K = \mu 2 (49) 

2m 

where P is the momentum conjugate to u. This system does not have a well-defined vacuum. 
The question then arises whether the underlying theory is inherently sick. One may apply the 
DFF trick to produce a Hamiltonian system with a well-defined ground state. The DFF trick 
can be understood in this case as a different choice of time coordinate leading to a different 
Hamiltonian. From our point of view, any two choices of time coordinates should be equivalent 
to each other, for they merely correspond to different gauge choices. Since the underlying theory 
is gauge-invariant, all gauge choices should be equivalent to each other. 

Before we discuss the vacuum problem in conjunction with the gauge-fixing procedure, we 
shall introduce a class of gauges that lead to a Hamiltonian system with a well-defined ground 
state. Let the gauge-fixing condition be 

, / UJX + + UJX~ \ 

h(x , x ) = arctan — ■ = r (50) 

\1 — uj 2 x + x~ J 

where u is an arbitrary scale. Differentiating with respect to r, we obtain 

d + hx + + d_hx~ = 1 , d±h = — — 9 . , . 9 (51) 

l + u z {x ± y 

To find the Hamiltonian, we start from the Lagrangian, 

L = x + P + + x~P-+A (52) 

where we added the time derivative of a function to be specified shortly. This does not alter 
the dynamics, provided there is no boundary contribution. Alternatively, it can be viewed as a 
gauge transformation (A — > A + dA). By introducing the coordinate 

C = arctan — — (53) 

\1 + UJ Z X + X J 

we can write the Lagrangian as 



L = (P ( - hH (54) 



where 



H = -\(§r h + ir^- ahA ^ [H+ ^ K ' ) • *•= -(^ -co*- §<u 

(55) 

is the momentum conjugate to h and Pq is conjugate to Q. Since h — 1, it follows that 7i plays 
the role of the Hamiltonian. We will choose A so that K' = K (Eq. ([39])). This ensures that the 
constraint \ (Eq. (|4lD ) and therefore the Hamiltonian will have no explicit time dependence, 
because 

d hX = {X , K} = (56) 

due to the conservation of the charge K. It is easy to see that 

m^fM , d+h m\/M . l + u 2 (x + ) 2 

A= — a — ln ^TT = a — ln T^ — T( — n? ( 57 ) 

4 9_/i 4 l + tu 2 (x-) 2 

To obtain the Hamiltonian, we solve the constraint d4T|) . The result is (c/. Eq. 



sin( 



W = ^r—: ( -m cos C + \jm 2 cos 2 C + (4 sin 2 £ P c 2 /M + |m 2 M sin 2 C + 4L 2 )/M ) (58) 



The non-relativistic limit can be obtained from the above expression as the limit ( — > 0, 

H = s; S + ^ 2 " 2 ) (59) 

where m 2 = M^ w Mu(i + — x~), and P is the momentum conjugate to u, which has a well- 
defined vacuum (harmonic oscillator). All these gauges are of course equivalent. Therefore, 
no physical quantities should depend on the scale parameter u. In particular, notice that the 
spectrum in the non-relativistic limit is independent of u. 

It should be pointed out that the non-relativistic limit can also be easily deduced from (|55|), 



H = —(H + uj 2 K) , K w -d h A = \mMi) (60) 

2uj to z 



which is the Hamiltonian in the naive gauge (|43D corrected by the potential K (c/. Eq. ([47|)) 
Hence the origin of the non-relativistic potential K is the total time derivative A that we added 
to the Lagrangian (Eq. (|52|) ). Thus, even though the total time derivative does not alter the 
dynamics, it is very useful in the calculation of the Hamiltonian in the non-relativistic limit. 

In the set of gauges (|5CiD, there is no boundary contribution, because the Faddeev- Popov 
determinant vanishes there. Indeed, 



ux UJX 
{h,x} = h= — — + ^ — -^ (61) 

1 1 + cj 2 (x+) 2 l + to 2 (x-) 2 

which vanishes as x ± — > oo for finite velocities x . Therefore, one obtains standard commuta- 
tion relations in this gauge. It should also be pointed out that, since we insist h — 1, the region 
near the boundary does not contribute in the non-relativistic limit. 

On the other hand, for the gauge (^), we obtain a boundary contribution to the path 
integral, 



I 



d ded D xd D P {h, X }S(h- r)S( X ) exp \ iP^e \ (62) 




Thus, the naive identification of the time coordinate fl42|) leads to an obstruction in the gauge- 
fixing procedure for the path integral. If this obstruction is accounted for by an appropriate 
modification of the commutation relations, this choice of the time coordinate leads to a well- 
defined Hamiltonian problem. The Hamiltonian system thus obtained is equivalent to applying 
the DFF trick ||, or identifying the time coordinate as in Eq. (|50| ) ||. The latter is merely a 
different gauge choice in a gauge-invariant theory. 

IV. SLOWLY-MOVING REISSNER-NORDSTROM BLACK HOLES 

Having understood the quantization of a particle in a background created by a Reissner- 
Nordstrom black hole, we now turn to a discussion of the quantization of a system of dynamical 
Reissner-Nordstrom black holes. Again, we consider five spacetime dimensions. The results are 
similar in the four- dimensional case (see Section [V]). 

The action may be written as 

*-> = 'J fields + ^source (6o) 

where the action for the fields is 

SfieU. = J^J d " X M R - I F ") + T^l AAFAF (64) 

in terms of a dynamical metric field g^ and electromagnetic vector potential A^, both functions 
of the coordinates x M (/i = 0, 1, ... ,4). The sources are described by coordinates Xj, where 
the index / labels the source and conjugate momenta P/ M . The action is 

S source = 2^ / dXj Pj^ (65) 

I J 

together with the constraints 

X/ = J_ 7r/ X + |Af / = , n ll = Pj (l -QiA lt , Qi = Mj (66) 



2Mr 
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There is also a fermionic contribution which we omit because it is of no relevance to our 
discussion. 

Using the ansatz 

ds 2 = g„ v dx^dx u = dt 2 + i[> dx 2 + 2N ■ dxdt (67) 

A= -dt + A-dx (68) 

and keeping only terms quadratic in the potentials N, A and discarding total derivatives, the 
action for the fields becomes Iffll 



w = ^ / ** (mP ■ *■ - £ r- + JL fg - ^ & 

_ Hm? -l_ F P + ±. F G--L G G) (69) 

where we introduced the convenient (gauge-invariant) combinations 

P=A+^N , R = i/j 2 N (70) 

whose field strengths respectively are 

Fij = diPj — djPi , Gij = diRj — djRi (71) 

and their duals: F ij = e ijkl F kl , G ij = e ijkl G kl . 

The equations of motion are the Einstein and Maxwell Equations which yield Q 

il> = Ao , F ij = 2iPF ij , Gij^Z-fTij (72) 

where A^ is the vector potential generated by the source current j M in flat spacetime and T^ 
is its field strength: 

d^ v = 2ir 2 f , F^ = d,A u -d u A, , j' i = J £M I [dX?6 5 (x-X I ) (73) 

i J 

Notice that j M is a gauge (reparametrization) invariant quantity, as it should be. For the 
sources, we obtain the Lorentz force equation, 



*There are corrections to these expressions for F^ and Gij, as is evident by taking exterior derivatives 
of both sides of Eq. (|68[). For a discussion, see [12]. They do not affect our results. 

11 



xj 4 + r£ A x;x 7 A = x^f% (74) 

The path integral is 

Z = M fvgVAY[VX I VP I 5(xi)e iS (75) 

•^ i 

To calculate this, we need to fix the gauge in the sources. The simplest choice is 

X 7 ° = t (76) 

for all black holes. Then the current becomes 

j^Y^Mjv^ix-Xr) , < = (1,^) , vi = ^f (77) 

where \vj\ <C 1 (non-relativisic limit). The vector potential is found to be 

a = ^e M -' . x=e "?' <*» 

V(2-A',(i)) 2 Y(f-A',(*)P 

After solving the constraints xi = 0> i n the non-relativistic limit, 

P '» = W + MA (79) 

the action for the sources becomes 

S source = £ / ^(X}P 7i - i*» , F 7 = -P I0 (80) 

After integrating over the momenta Pj in the path integral, we obtain 

Z = M fY[VX ie iS (81) 

where S = S fie i ds + S source , S fields is given by (§§p and 

Ssource = E M ' / ^(^^1 + A 7 ■ P) (82) 

i J 
After some algebra, the action can be cast into the form |l| 

S = Sfields + S SOUTCe = 9 / dt } J Gljivj — Vj) + . . . (83) 

where 
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G, J= G u (X,-X j)= h -^m±MA , „™ ( 8 4) 

K " (X,-Xj)' it K ' 

and we have represented by dots the remaining less singular terms (they involve three-point 
interactions). This leads to a Hamiltonian with no well-defined ground state. This pathology 
is shared with the case of a black hole moving in the background of another static black hole. 
This is expected, because the latter case is encompassed by the multi-black hole system. We 
need to be more careful in implementing the quantization procedure as problems arise from the 
signularities of moduli space (when two black holes become coincident). 

Instead of collectively identifying all Xj coordinates with time, we shall adopt a gauge 
similar to the one discussed in the previous Section (c/. Eq. ((50)), 



hj(X$) = t (85) 

To determine the function hj for the Jth black hole, we work as follows. Consider the Jth black 
hole. It moves under the influence of the (gravitational and electromagnetic) fields created by 
the other black holes (given by Eqs. ( [7C| ) - (|75|), where the sum in ( [75] ) runs over I ^ J). Of 
course, this statement is only valid in the non-relativistic limit we are considering where the 
Einstein-Maxwell Equations are essentially linearized. As our chosen black hole approaches on 
of the other black holes (the Jth one, say), the influence of the rest of the system becomes 
negligible. By switching to the rest frame of the Jth black hole, the dynamics of our chosen 
(Jth) black hole is governed by the action discussed in the previous Section. Therefore, the 
gauge-fixing condition hj — t should reduce to the gauge flBTf ) in that frame and in the limit 
where the Jth and Jth black holes become coincident. As discussed in the previous Section, we 
expect that the net effect in the non-relativistic limit will be the addition of a potential of the 
form (c/. Eq. (pH|)) 

K) J) = — - J I — 86 

2{x J -x I y 

Switching back to the center-of-mass frame from the rest frame of the Jth black hole does 
not alter this conclusion, because we need only perform a Galilean transformation in the non- 
relativistic limit. Repeating the argument with the rest of the black holes in the system, we 
expect to obtain a net additional potential 

K (J) = WM^V -J^L- (87) 

To implement the above considerations in detail, let us introduce the coordinates (cf. Eq. (J34l)) 

A/f 3/2 

x\ J)± = X°j± Ml 



2{x J -x I y 

and the gauge-fixing condition (c/. Eq. ( J50D where we set uj = 1/2, for simplicity) 
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hj(X») = X°j + V arctan - i ' ,,_ \-X°j)=t (89) 



Notice that as the distance (Xj — Xi) 2 — > for a fixed /, with all other distances remaining 
finite, the above definitions coincide with Eqs. ( |34D and fl50|), respectively. This gauge choice 
is guaranteed to give no boundary contribution, because hj — > near the boundary of moduli 
space. As in the previous Section, in order to calculate the non-relativistic limit, we need to 
augment the Lagrangian by adding a total time derivative (which again gives no contribution 
at the boundary) ensuring that the Lagrangian will have no explicit dependence on hj (lead- 
ing to a time independent Hamiltonian) . Thus, we define the action for the Jth black hole 
by (cf Eq. 




Sj = j dtX^Pj, + A« , A« = £ A\ J) , A™ = 

It is easily verified that in the non-relativistic limit, 

t = h J ^X° , A^aX" MjM t =\tK^ (91) 

j , i J 8(Xj-X 7 ) 2 4 7 K J 

Therefore in the non-relativistic limit, the additional term in the action reads 

AW ~ i Y, K\ J) = \K^ (92) 

in agreement with our expectations (having set u> — |). 

The above gauge-fixing procedure can be repeated with the rest of the black holes in the 
system. We modify the action for the sources by a total time derivative which does not alter 
the dynamics, but simplifies the calculation of the non-relativistic limit. Thus, we define the 
action for the sources by (cf. Eq. (|65|)) 



Ssource = £ Sj = £ / dt (X^Pj^ + A^) (93) 

J J J 

where A( J ) is given by (|90|) . In the non-relativistic limit, the net effect of the gauge ([59]) is the 
addition of the potential ^K, where 

K = V KM = TT MjMf = T MjMj(Mj + Mj) (94) 

y z ft?j2(x J -x I y & 2(x J -x I y 

In conclusion, we have shown how to fix the gauge in a way that no obstruction occurs from 
the singularities of moduli space (when two black holes approach each other). The resultant 
Hamiltonian differs from the one obtained in the naive gauge ([76|) by the addition of the 
potential d94|) . This is accordance with the DFF prescription J3|. 

The naive gauge ( |7B| ) suffers from an obstruction at the singularities of moduli space. Once 
the obstruction is correctly accounted for, the resulting theory is equivalent to the one in which 
the Hamiltonian is modified by the addition of the potential K (Eq. (0)). This is because the 
underlying theory is gauge- invariant. 
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V. FOUR SPACETIME DIMENSIONS 

The four-dimensional case was originally discussed by Ferrel and Eardley @ . The results are 
similar to the five- dimensional case. Therefore, we will only summarize the major differences 
between the two cases. 

In four dimensions, the metric due to an extreme Reissner-Nordstrom black hole is 

ip = l + r^ 95 

\x\ 



ds 2 = 


— -dt 2 + ip 2 dx 2 
ip 2 


and the vector potential is 






1 



A = (96) 

where the vectors live in a three-dimensional Euclidean space. Near the horizon, ip = M/\x\. 
Using polar coordinates and switching variables to ip, we obtain 

ds 2 = -— [dt 2 - M 2 di) 2 ) + M 2 dQ 2 2 (97) 



1> 



Defining 



the metric becomes 



x ± = t ± M V (91 



ds 2 = -— dx + dx~ + M 2 d£li. (99) 

This is of the same form as in five spacetime dimensions (Eq. fl35|)), apart from the scale factor in 
the spherical part of the metric. Working as in Section |TTT|, we arrive at an SL(2, R) conformal 
algebra consisting of the operators 

H= 1 ^- , D = -2x-P , K=™g- (100) 

ImM 6 \x\ 

in the non-relativistic limit. In the gauge 

, , , _. ( L)X + + <jJX~ \ , . 

nix , x ) = arctan — ■ = r (101) 

\1 — u 2 x + x~ J 

the Hamiltonian becomes 

n = ^-(H + u 2 K) (102) 

which has a well-defined vacuum state. The system reduces to a harmonic oscillator if we 
change variables to u — M\f : il). 
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As Ferrel and Eardley showed ||, in the case of two slowly-moving black holes, in the 
center-of-mass frame and in the near-horizon limit, the Hamiltonian becomes 

\X 2 -X 1 \ 3 (P 2 -P 1 ) 2 \X 2 -X 1 \ 3 (P 2 -P 1 ) 2 , . 

H = ^2 — ii v 2 — y_ = \_^ ^V2 — i) 103 

2/i(l - 2/i/M)M 3 2MiM 2 (M 1 2 + M|) v ; 

where \x = M\M 2 j (M\ + M 2 ) is the reduced mass and M = (Mi + M 2 ) is the total mass of 
the system. This generalizes to an arbitrary number of maximally- charged slowly-moving black 
holes, 

j£ 2M I M J (M 2 + M 2 ) + '-- UU4j 

where we have omitted the less singular terms. Evidently, this system has no ground state. 
The origin of this pathology is the same as in the five- dimensional case. To remedy this, we 
work as in Section |V[ The action for the fields is now (cf. Eq. (|64])) 

S fields = ^~J dAx V9(R ~ F 2 ) (105) 

whereas the action for the sources remains unchanged. We introduce the gauge-fixing condi- 
tion (|5Sj), where (cf. Eq. (|38|)) 

4 J)± = X°j± M , (106) 

2\Xj-XA 



A = £ AW , A^ = £ Ai J) , Ai J) = -2M jMl In | ^fffez^ \ (107) 



and augment the Lagrangian for the sources with the total derivative (cf. Eq. (J90~|) ) 

/" * ' [1 + 1(4 

In the non-relativistic limit, the gauge condition (|89|) reduces to /zj ~ Xj = t and the additional 
term in the action to (cf. Eqs. (|9l|) and Q92D ) 

A « | £ ^ (108) 

where 

Af , = 2M,,Mf 
\X.,-X,\ 

Therefore, in the gauge fl89l) , the Hamiltonian is modified by the potential K = J2i<jKij, 
where (cf. Eq. (g|)) 

= aw(M±M1 (110) 

2|X,-A' J | 

similar to five spacetime dimensions (Section [TV| ) and in accordance with the DFF prescrip- 
tion 0. 

16 



VI. CONCLUSIONS 

We considered the problem of quantization of a system of slowly-moving extreme Reissner- 
Nordstrom black holes. The moduli have dynamics governed by (super) conformal quantum 
mechanics and the Hamiltonian has no well-defined ground state. This problem is fixed by 
an application of the DFF trick ||. To justify this trick on physical grounds, we approached 
the problem through the path integral and the Faddeev-Popov gauge-fixing procedure. We 
showed that the DFF trick can be understood in terms of the standard Faddeev-Popov pro- 



cedure [|10[ . We started with a discussion of the quantization of a particle in the presence of 
a background metric field as well as an external vector potential. We performed the standard 
Faddeev-Popov procedure in the canonical formalism and showed its connection to commuta- 
tion relations through Dirac brackets. We then applied the procedure to the case of an extreme 
Reissner-Nordstrom black hole |l[. We showed that the naive identification of time coordinate 
(which leads to a Hamiltonian system with no well-defined ground state) corresponds to a gauge 
which is not "good." We found that in this gauge the Faddeev-Popov procedure encounters an 
obstruction at the boundary of spacetime introducing an additional constraint there. This alters 
the standard commutation relations and the eigenvalue problem for the attendant Hamiltonian 
system. We did not calculate the effects of this obstruction explicitly. This would require the 
introduction of a regulator which would break gauge invariance explicitly and therefore alter 
the commutation rules. Instead, we exhibited another set of gauges where no obstruction ex- 
isted on the boundary. We showed that this set of gauges led to a Hamiltonian system with a 
well-defined vacuum, equivalent to the one obtained through the DFF trick ||. 

We then applied our procedure to multiple black hole scattering |j]. We noted that the 
underlying theory is a gauge theory, so the Faddeev-Popov procedure should be applicable. We 
discussed a systematic implementation of the quantization procedure which correctly accounted 
for the singularities of moduli space. Each black hole is described by moduli (position vector) 
X m (t) and the action is reparametrization invariant. This gauge invariance necessitated the 
introduction of gauge-fixing conditions equal in number to the number of black holes. By 
identifying X° with time for all black holes, one arrives at the standard Hamiltonian that 
possesses no well-defined ground state. This pathology comes from a subtlety in the Faddeev- 
Popov quantization procedure that does not take into account the singularities of moduli space. 
To properly account for these singularities would be tedious (entailing the introduction of a 
regulator) and would lead to a modification of the quantization rules. Instead, we introduced 
gauge-fixing conditions that did not suffer from this pathology. The resultant Hamiltonian 
differed from the pathological one by the addition of the potential ^K, where K is the generator 
of special conformal transformations, in accordance with the DFF prescription. 

Our method is generalizable to any system of black holes and more general solutions of the 
Einstein-Maxwell equations. It would be interesting to apply the Faddeev-Popov procedure to 
these systems, such as near-extreme black holes. This would enable us to move away from the 
AdS limit. 
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